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Garaschuk and Lisoneˇk (2008) in [3] characterised ternary Kloost-
erman sums modulo 4, leaving the cases K (a) ≡ 1 (mod 4) and
K (a) ≡ 3 (mod 4) as open problems. In this paper we complete the
characterisation using well-known theorems on Gauss sums and
Kloosterman sums. We also give the number of elements satisfying
these congruences.
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1. Introduction
Kloosterman sums have attracted attention thanks to their links to coding theory, cryptography
and combinatorics. Binary and ternary Kloosterman sum zeroes are related to bent functions. They are
related to the weight distribution of Melas codes. The particular question of eﬃciently determining
the zeroes of Kloosterman sums (or Kloosterman sums with particular values) seems to be diﬃcult.
The general method of attacking the problem is to give characterisations modulo some integers. This
has been done by many researchers for binary Kloosterman sums modulo powers of 2 up to 128
[9,5,1,11,7,6], modulo 3 (and multiples of 3, i.e., 3 · 2i) [2,4,12]; for ternary Kloosterman sums modulo
powers of 3 [11,8], modulo 2 and (partially) modulo 4 [3].
What we do in this paper is to complete the modulo 4 characterisation of Kloosterman sums
initiated by Garaschuk and Lisoneˇk in [3] who left the cases K (a) ≡ 1 (mod 4) and K (a) ≡ 3 (mod 4)
as open problems.
✩ The research was supported by the Claude Shannon Institute, Science Foundation Ireland Grant 06/MI/006.
* Fax: +353 1 716 5396.
E-mail address: farukgologlu@gmail.com.1071-5797/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.ffa.2011.07.006
F. Gölog˘lu / Finite Fields and Their Applications 18 (2012) 160–166 161Let q = pm , ζ := e 2π ip , tr(a) := a+ ap + · · · + apm−1 and χ be the canonical additive character of Fq ,
i.e., χ(x) := ζ tr(x) . We deﬁne the Kloosterman sum for any a ∈ Fq as
K (a) :=
∑
x∈Fq
χ
(
x−1 + ax),
where we let 0−1 = 0. Our deﬁnition differs from the classical Kloosterman sum K (a) (which was
used by Garaschuk and Lisoneˇk in [3]) by
K (a) :=
∑
x∈F∗q
χ
(
x−1 + ax)=K (a) − 1,
where F∗q denotes the multiplicative group of Fq . We will useK (a) in this paper as it is more natural
for our approach. The following was given in [3].
Theorem 1. Let q = 3m. The ternary Kloosterman sum on Fq satisﬁes
K (a) ≡
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
0 (mod 2) if a = 0 or a = b2 with tr(b) = 0,
2m + 3 (mod 4) if a = t2 − t3 for some t ∈ Fq \ {0,1}
and at least one of t,1− t is a square,
2m + 1 (mod 4) if a = t2 − t3 for some t ∈ Fq \ {0,1}
and none of t,1− t is a square.
In the next section we will prove the following theorem which completes the characterisation
modulo 4 of ternary Kloosterman sums.
Theorem 2. Let q = 3m. The ternary Kloosterman sum on Fq satisﬁes
K (a) ≡
{
0 (mod 4) if a = 0 or a = b2 with tr(b) = 1 and −b is not a square,
2 (mod 4) if a = b2 with tr(b) = 1 and −b is a square.
2. The result
In this section we let q = 3m , ζ a primitive pth root of unity, η the quadratic character of Fq , i.e.,
η(x) :=
⎧⎪⎨
⎪⎩
0 if x = 0,
1 if x is a square,
−1 if x is not a square.
We also let the trace-0 hyperplane of Fq and its cosets be denoted by Hc := {x ∈ Fq: tr(x) = c} for
c ∈ Fp . We have H2 = −H1, i.e., H2 = {−h: h ∈ H1}. We deﬁne the set of (nonzero) squares and
non-squares as
Sq := {x2: x ∈ F∗q},
NSq := F∗q \ Sq.
Obviously K (0) = 0. Therefore, for the remainder of the paper, we will assume a ∈ F∗q . We will
need the following simple lemma throughout the paper. We let #S denote the cardinality of the set S .
162 F. Gölog˘lu / Finite Fields and Their Applications 18 (2012) 160–166Lemma 3. Let μ : Fq → {±1}. Then for any S ⊆ Fq
∑
x∈S
μ(x) ≡ #S (mod 2).
Proof. Obviously,
∑
x∈S
μ(x) = #{x ∈ S: μ(x) = 1}− #{x ∈ S: μ(x) = −1}
= #{x ∈ S: μ(x) = 1}− (#S − #{x ∈ S: μ(x) = 1})
= 2#{x ∈ S: μ(x) = 1}− #S. 
We will need the following celebrated result on quadratic Gauss sums (stated only for characteris-
tic 3 here). A proof of it can be found in [10].
Theorem 4. The following holds for quadratic Gauss sums:
∑
x∈Fq
η(x)χ(x) = (−1)m−1im√3m.
In the following lemma we will ﬁnd formulas for partial quadratic Gauss sums, i.e.,
A0 :=
∑
x∈H0
η(x), A1 :=
∑
x∈H1
η(x), A2 :=
∑
x∈H2
η(x).
Lemma 5.
(i) If m is odd, then
A0 = 0,
A1 = (−3)m−12 ,
A2 = −(−3)m−12 .
(ii) If m is even, then
A0 = 2(−3)m−22 ,
A1 = −(−3)m−22 ,
A2 = −(−3)m−22 .
(iii) For any m
A0 ≡ 2m + 2 (mod 4),
A2 ≡ 3 (mod 4).
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∑
x∈Fq
η(x) = 0,
we have
A0 + A1 + A2 = 0,
A0 + ζ A1 + ζ 2A2 = (−1)m−1im
√
3m.
If m is odd then η(−1) = −1 and η(x) = −η(−x), hence A1 = −A2 and A0 = 0. We have ζ −ζ 2 = i
√
3
and
i
√
3A1 = im3m2 .
If m is even then η(−1) = 1 and η(x) = η(−x), hence,
A0 + 2A1 = 0,
A0 − A1 = −im3m2 .
Therefore,
3A1 = im3m2 ,
3A0 = −2im3m2 .
The facts A2 ≡ 3 (mod 4) and A0 ≡ 2m + 2 (mod 4) are obvious. 
The following lemma follows easily from [10, Theorems 5.47 and 5.48 on pp. 229–230].
Lemma 6. Let a ∈ F∗q andK (a) be a ternary Kloosterman sum. Then,
K (a) = −3
∑
x∈H1
η
(
x2 − a).
2.1. Proof of Theorem 2
If a is a non-square or a = b2 with tr(b) = 0 then by Theorem 1 (or by Lemma 3) K (a) ≡ 1
(mod 2). Therefore we assume a = b2 with tr(b) = 0. Without loss of generality assume tr(b) = 1
(since H2 = −H1 and ζ 2 + ζ + 1 = 0). We have
∑
x∈H1
η
(
x2 − a)= ∑
x∈H1
η(x− b)η(x+ b)
=
∑
x∈H0
η(x)η(x− b)
=
∑
x∈H ∩Sq
η(x− b) −
∑
x∈H ∩NSq
η(x− b). (1)
0 0
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A2 =
∑
x∈H2
η(x)
=
∑
x∈H0
η(x− b)
= η(−b) +
∑
x∈H0∩Sq
η(x− b) +
∑
x∈H0∩NSq
η(x− b). (2)
Combining Lemma 6 with (1) and (2) we get
K (a)
−3 + A2 = η(−b) + 2
∑
x∈H0∩Sq
η(x− b),
K (a) ≡ −A2 + η(−b) + 2
∑
x∈H0∩Sq
η(x− b) (mod 4). (3)
Now we claim:
∑
x∈H0∩Sq
η(x− b) ≡ 0 (mod 2). (4)
Indeed,
A0 = #(H0 ∩ Sq) − #(H0 ∩ NSq)
= #(H0 ∩ Sq) −
(
3m−1 − 1− #(H0 ∩ Sq)
)
= 2#(H0 ∩ Sq) −
(
3m−1 − 1),
2#(H0 ∩ Sq) = A0 +
(
3m−1 − 1).
If m is odd then by Lemma 5(iii), we have
2#(H0 ∩ Sq) =
(
3m−1 − 1)
≡ 0 (mod 4).
If m is even then by Lemma 5(iii), we have
2#(H0 ∩ Sq) = A0 +
(
3m−1 − 1)
≡ 2m + 2+ 2 (mod 4)
≡ 0 (mod 4).
Note that since tr(b) = 1, x− b = 0 for any x ∈ H0 and by Lemma 3 the claim is proved.
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K (a) ≡ −A2 + η(−b) + 2
∑
x∈H0∩Sq
η(x− b) (mod 4)
≡ −A2 + η(−b) (mod 4).
By Lemma 5(iii), we get
K (a) ≡ η(−b) + 1 (mod 4),
which proves Theorem 2.
3. Counts of elements
We want to count the cardinalities n0 and n2 of the sets
N0 :=
{
a ∈ F∗q: K (a) ≡ 0 (mod 4)
}
,
N2 :=
{
a ∈ F∗q: K (a) ≡ 2 (mod 4)
}
.
By Theorem 2,
N0 =
{
b2: tr(b) = 1 and η(−b) = −1}
= {b2: tr(b) = 2 and η(b) = −1},
N2 =
{
b2: tr(b) = 1 and η(−b) = 1}
= {b2: tr(b) = 2 and η(b) = 1}.
So n0 = #(H2 ∩ NSq) and n2 = #(H2 ∩ Sq). We have therefore n0 + n2 = 3m−1.
Again,
A2 =
∑
x∈H2
η(x)
=
∑
x∈H2∩Sq
1−
∑
x∈H2∩NSq
1
= n2 − n0
= −n0 +
(
3m−1 − n0
)
,
which implies by Lemma 5(i) and (ii) that
n0 = 3
m−1 − A2
2
= 3
m−1 + (−3)
m−12 
2
and
n2 = 3
m−1 − (−3)
m−12 
.
2
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Theorem 7. Let a ∈ F3m . Then
K (a) ≡
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
count proved
0 (mod 4) if a = 0 or a = b2 with tr(b) = 1 3m−1+(−3)

m−1
2 
2 + 1 here
and −b is not a square,
2m + 3 (mod 4) if a = t2 − t3 for some t ∈ Fq \ {0,1} 5·3m−1+(−1)m4 − 1 [3]
and at least one of t,1− t is a square,
2 (mod 4) if a = b2 with tr(b) = 1 3m−1−(−3)

m−1
2 
2 here
and −b is a square,
2m + 1 (mod 4) if a = t2 − t3 for some t ∈ Fq \ {0,1} 3m−(−1)m4 [3]
and neither of t,1− t is a square.
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